Two-and three-dimensional depth migration can be performed using one-and twodimensional extrapolation digital lters, respectively. The depth extrapolation is done, one frequency at a time, by convolving the seismic wave eld with a complex-valued, frequencyand velocity-dependent, digital lter. This process requires the design of a complete set of extrapolation lters, one lter for each possible frequency-velocity pair. Instead of independently designing the frequency-and velocity-dependent lters, an e cient procedure is introduced for designing a complete set of one-and two-dimensional extrapolation lters using transformations. The problem of designing a desired set of migration lters is thus reduced to the design of a single one-dimensional lter which is then mapped to produce all the desired one-or two-dimensional migration lters. The new design procedure has the additional advantage that both the one-and two-dimensional migration lters can be realized e ciently and need not have their coe cients precomputed or tabulated.
Introduction
The term migration refers to a processing technique that is applied to seismic data sections to compensate for some undesirable e ects of wave propagation 1, 2, 3] . The geometry of the seismic 2-D migration problem is illustrated in Fig. 1 , which is a simpli ed view of a two-dimensional earth. The variable x represents position on the surface, which is assumed to be at, and the variable z represents depth. The objective is to de ne the boundaries of the earth layers. For this purpose, downward propagating waves are initiated by acoustic sources at the surface (z = 0) for all time t > 0. We want to obtain an estimate of the true re ectivity R(x; z) at a point (x; z) from the measurements done at the surface. The propagation of a wave (x; z; t) one way, either up or down, with a uniform velocity v is governed by the following wave equation 
with the measured wave (x; 0; t) serving as a boundary condition for (1) . The \exploding re ector" concept 3] is applied by selecting upgoing waves with a velocity of one-half the velocity of the real medium.
The migration procedure starts with (x; 0; t) measured at the surface and computes (x; z; t) for all desired depths. To allow for vertical velocity (v) variations, the wave eld is extrapolated recursively in small depth increments z over which the velocity is assumed to be constant. (x; z; t = 0) is then a good approximation of R(x; z).
The operation of back-propagating the wave eld across a layer of thickness z, e.g.
from z o to z o + z, is actually a linear ltering operation. Letting (K x ; z; ) denote the 2-D Fourier transform of (x; z; t) at depth z and taking the Fourier transform of both sides of (1), we obtain a second-order di erential equation for (K x ; z; ) in the variable z. 
where the extrapolation operator A(K x ; ) is a linear shift-invariant analog lter. In practice, the wave eld is presented in sampled form as (n 1 x; n 2 z; n 3 t), where n 1 ; n 2 ; n 3 are integers, t is the temporal sampling interval, and x; z are respectively the horizon- (4) where the lter coe cients h n are complex-valued. Setting k c = ( x= t)(!=v), the approximation needs mostly be accurate for jk x j < k c which corresponds to the wavenumbers (k x ) for which waves are propagating 2, 1].
In 3-D migration, the 3-D depth extrapolation is performed, one-frequency at a time, 
p n cos nk (8) into a 2-D lter H(k 1 ; k 2 ) by means of the substitution
The substitution (9) is possible due to the fact that the function cos nk is the nth Chebyshev polynomial T n cos k], which is a polynomial of degree n in the variable cos k. We thus obtain the following 2-D lter
Note that the transformation function F(k 1 ; k 2 ) must be the frequency response of a 2- 3 New Design Procedure
The new design procedure consists of three main parts:
1. The design of a sub lter F(k 1 ; k 2 ) approximating the ideal hyperbolic contours shown in Fig. 2 .
2. The selection and design of a one-dimensional prototype lter P(k 1 ) which is mapped by F(k 1 ; k 2 ) to produce the desired lter set.
3. The retrieval or realization of the individual lters in the desired set.
Sub lter Design
The contour speci cations of the desired \fan-shaped" migration lter D(k 1 ; k 2 ) (6) are illus- 
where the (Q + 1) (R + 1) coe cients t qr are to be determined such that F(k 1 ; k 2 ) best approximates the hyperbolic isopotentials of D(k 1 ; k 2 ). The integers Q and R control the size of the sub lter. Usually, the size of the sub lter is kept small since the computational complexity and the implementation cost increase with the sub lter size.
Optimization techniques have been proposed in 7, 10, 11] for designing sub lters that approximate contours with a variety of shapes. However, these techniques are not suit-able for constraining the shapes of all contours simultaneously and are mostly used to approximate the shape of the cuto line only. Design methods, which allow the designer to constrain the shape of all the contours simultaneously, have been presented in 12, 13] . In these methods, the desired response of the sub lter are represented in a functional form.
The sub lter coe cients t qr are then computed so that F(k 1 ; k 2 ) best approximates the desired functional response with respect to a speci ed error norm. It is not di cult to see that the following ideal sub lter response realizes the desired contour characteristics of (6):
2 ) = cos ( 2 ? k The sub lter design problem is now brie y stated as follows. Find the optimal coecients ft qr ; 0 q Q; 0 r Rg such that the weighted error
is minimized in the least-squares or Chebyshev (minimax) sense. W(k 1 ; k 2 ) in (13) is a positive weighting function. The minimization of (13) can be easily performed using a classical least squares formulation, or a Chebyshev minimization could be done by linear programming. It has been observed that both norms produce similar results. Note that a useful well-de ned mapping is obtained only if
The constraint (14) could be either incorporated into the approximation problem or satis ed by performing a simple scaling operation 10]. The scaling operation does not a ect the shape of the contours but it does change the 1-D prototype frequency associated with each contour. Thus, scaling might complicate nding the speci cations of the proper prototype lter. Other techniques for constructing well-de ned mappings can be found in 7].
Prototype Filter Design
With the ideal sub lter speci ed as in (12), we need to determine the ideal characteristics of the prototype lter which, when mapped, would produce D(k 1 ; k 2 ). For that purpose, notice from (12) that
So, the prototype lter P(k) is mapped to the line
In fact, (15) and (10) 
It follows that the ideal response of the prototype lter needed to produce the desired family of migration lters is given by 
Realizing the 2-D and 3-D Depth Migration Filters
After computing the optimal mapping coe cients ft qr g approximating (12) and the optimal prototype coe cients fp n g approximating (18) , one obtains an approximation (10) to D(k 1 ; k 2 ) with the following frequency response
The 2-D depth migration lter H(k 1 ) having a xed cuto frequency k c and approximating 
So, the 2-D sub lter (23) can also be e ciently realized by means of the Chebyshev structure shown in Fig. 3 , where F is replaced by F cs and fp n g by ff n g Q n=0 from (22). Consequently, by combining the two Chebyshev structures, the 2-D lters for 3-D depth migration can be e ciently realized using a two-in-one Chebyshev structure, as shown in Fig. 4 .
From the above discussion, it can be concluded that the coe cients of the migration lters do not need to be computed, but rather are directly realized by the Chebyshev structures (Figs. 3 and 4) in terms of the sub lter coe cients ff n g (plus the coe cients of F cs for the 3-D depth migration lters), and the prototype lter coe cients fp n g. With a xed b (refer to (20)), the lter cuto frequency k c can be varied, for both the 2-D and 3-D depth migration lters, by changing the coe cients ff n g Q n=0 , which can be easily computed in terms of the desired cuto frequency k c using (22). On the other hand, migration lters, with the same cuto frequency but di erent values of b, are obtained by varying only the coe cients fp n g of the prototype lter, where fp n g are computed such that they best approximate (18) . With an optimal prototype lter, the quality of the resulting migration lter depends mostly on how well the parameters ft qr g approximate the ideal function (12) and, therefore, the hyperbolic contours (7). It should be noted that the sub lter coe cients ft qr g need to be computed once for a desired set of lters. In addition, ft qr g do not depend on the parameter b. So, the same sub lter coe cients ft qr g can be used in designing Fig. 6 shows the ideal hyperbolic contours of the migration lter families with a horizontal cross-section at k 2 = 1:4 represented by a dash-dotted line. As mentioned in Section 2, the lter with a cuto frequency k c is given by the horizontal cross-section k 2 = k c . The contours can be thought of as \propagating", in the two-dimensional frequency domain, the optimal prototype lter values which are exactly mapped into the line (16) corresponding to the dotted line in Fig. 6 . For convenience, the horizontal cross-section and the line (16) will be called the \ lter line" and the \prototype line", respectively. For a given lter with cuto frequency k c , the best possible approximating lter results if the designed contours match the ideal contour segments joining the lter line (k 2 = k c ) to the prototype line (k 2 = ? k 1 ). These segments control the \ ow" of values from the prototype line to the desired lter line. Consequently, for a given sub lter order, better approximations to a set of lters can be achieved by assigning a higher weight to selected contour segments.
Important Observations
Constraints on the transformation sub lter (11) can also be derived. As discussed in Section 3.2, the ideal transformation sub lter (12) maps exactly the one-dimensional prototype lters to the \prototype line" (k 2 = ? k 1 ) in the two-dimensional frequency domain (k 1 ; k 2 ). Consequently, the prototype lter is chosen to approximate the ideal twodimensional lter (6) along the prototype line. Also, note that the ideal two-dimensional family lter (6) is a \fan-shaped" lter with a cuto edge along the line k 2 = k 1 :
As a result, it is desirable to have the following mapping constraints imposed on the designed two-dimensional sub lter (11) approximating (12):
(27) Constraint (26) guarantees that the prototype lter is mapped onto the prototype line while constraint (27) maps =2, the cuto frequency of the prototype lters, to the cuto edge k 1 = k 2 . Also, these constraints reduce the size of the approximation problem by decreasing the number of free coe cients ft qr g and, thus, result in some computational savings. However, for each given Q and R (transformation sub lter orders), one needs to derive relations among the coe cients ft qr g such that the constraints (26{27) are satis ed and explicitly determine which of these coe cients are free parameters. This derivation becomes tedious for a sub lter order (Q or R) larger than two. Therefore, it is desirable to have a general formula that would automatically produce the quadrant-symmetric sub lter of order Q R satisfying (26{27). This formula is given in the following theorem (for proof It should be noted that the (nonzero) coe cients ft qr ; (q + r) even, 0 q Q; 0 r < qg, represent the free parameters that need to be computed such that (28) best approximates the ideal sub lter F D (k 1 ; k 2 ). Note also that some of these coe cients may be zero when Q 6 = R since ft rq g r>Q = ft rq g q>R = 0. By using Theorem 1, the problem becomes easily scalable and the number of free parameters is signi cantly reduced.
The sub lter design problem can now be restated as follows. Find the coe cients ft qr ; (q + r) even; 0 q Q; 0 r < qg (30) that minimize, in the least square or minimax sense, the weighted error 
Design Examples
As discussed in Sections 3.1 and 3.3, the same transformation sub lter F(k 1 ; k 2 ) (11) can be used to generate di erent sets of migration lters. The multiple-exchange algorithm presented in 16] is used to compute the complex coe cients of the optimal equiripple prototype lter (8) approximating (18) . With b = 1, the ideal speci cations of the prototype lter are chosen to be as follows: The weighting function W(k) is used to force a better match in the passband region. The characteristics of the resulting optimal equiripple prototype lter are shown in Fig. 7 . The frequency values in the plots are normalized by a factor of 2 .
The next step is to design the transformation sub lter (11) that maps the designed optimal prototype lter to produce an approximation of the desired lter set. Since it is desirable to keep the order of the sub lter as small as possible, a rst-order transformation sub lter (Q = R = 1) was considered rst. However, the rst-order sub lter does not approximate well the desired hyperbolic contours nor the ow segments of these contours.
So, a higher order transformation sub lter must be designed.
From Theorem 1, the second order sub lter is of the form F(k 1 ; k 2 ) = 0:5(cos k 1 ? cos k 2 ) + t 20 (cos (2k 1 ) ? cos (2k 2 ))
where t 20 is a free parameter that is to be determined such that (36) best approximates Similarly, a large weighting can be applied in the passband regions corresponding to lters with high cuto frequencies to get better approximation of these lters. Higher order sub lters could also be used to improve the approximation of the ideal contours and, therefore, of the desired set of lters.
It should be noted that, for a prototype lter of length N and a sub lter of order Q, the resulting one-D designed lters will have an impulse response of length L = (N ? 1)Q + 1, which is 57 for the considered design examples (N = 29,Q = 2). However, as a virtue of the presented implementation structure, this actual large impulse response is not needed for implementing the lter and, therefore, does not need to be computed and stored. Only the smaller size prototype impulse response needs to be computed (once for the whole family), which provides signi cant computational and storage savings (Figs. 3 and 4) .
Optimal designs of seismic migration lters were rst presented by the authors in 17].
For the purpose of comparison, the multiple-exchange design algorithm of 16, 18 ] is used to compute the optimal (Chebyshev) FIR migration lters of length 57 approximating ( Fig. 10(a) ), they exhibit a larger error in the region near the cuto edge (deviation 2). Furthermore, the optimal designed lters cannot be realized using the recursive Chebyshev structures (Figs. 3 and 4) , and are expensive to compute and implement. Using this technique, 1-D and 2-D migration lters can be very e ciently designed and realized. Although the designed lters are not optimal in general, the designer can control the worst case error through the design of the prototype lter (fp n g) and the transformation sub lter (ft qr g). Also, variable-cuto lowpass, bandpass, and highpass lters can be e ciently designed and implemented using this method 19] . 
Figure 3: Chebyshev structure with fp n g L n=0 and F representing the prototype coe cients and the transformation sub lter, respectively. approximating contours
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